reason lies in that CNTs capture the characteristic of hollow cylindrical structures, which render them susceptible to lateral deformation. In reality, this morphology was first observed and explored by transmission electron microscopy (TEM) (Ruoff, et al., 1993; Chopra, et al., 1995) and then by AFM (Martel, et al., 1998; Yu, et al., 2000) . To date, much effort has been devoted towards understanding the mechanism of CNT collapse. Gao et al. (1998) used molecular dynamic (MD) simulations to discover that there are two possible configurations for a CNT in equilibrium state, i.e. the circular one and the collapsed one. For nanotubes with radius in the range of R<R min , only the circular configuration exits. When the radius satisfies R min <R<R max , both of the shapes exist, and the collapsed tube is in a metastable state. For the radius R>R max , the collapsed configuration is energetically favorable and thermodynamically stable. Their results also exhibited that the critical radii are insensitive to the chirality of the tube, and the values of the critical radii are R min  1.1 nm and R max  3 nm. Subsequently, Pantano et al. (2004) adopted a continuum approach and finite element method to investigate the morphology of the collapsed CNTs. In succession, Tang et al. studied the collapse of nanotubes using an inextensible elastica model. In use of phase plane analysis, they showed that CNTs can take collapsed configurations of different orders (Tang and Glassmaker, 2010) . Recently, they investigated the energetics of selfcollapse of a single CNT by using the continuum mechanics method, and calculated the critical radii R min  0.699 nm and R max  0.976 nm (Tang, et al., 2005b ). This significant difference from the result of Gao et al. is because a distinct force field and physical parameters were selected, which greatly affect the results of analytical solutions and molecular simulations. However, Liu et al. (2004) performed simulations on the formation of fully collapsed SWCNTs with the atomic scale finite element method, and proposed that for armchair SWCNTs, collapse occurs for the critical radius (for n=30) is R max  2.06 nm, which is also different from the aforementioned results. In fact, this value of critical radius of 2.06 nm was verified by TEM observations, which demonstrated that there exists a collapsed SWCNT of 2.5 nm in radius (Xiao, et al., 2007) . In spite of the above cited studies on the collapse of CNTs, there are hitherto no analytical solution for the collapse problem of CNTs, which involves large deformation and strong geometric nonlinearity.
Although belonging to different phenomena, we strongly stress that, the adhesion of microbeams and collapse of SWCNT can be actually incorporated into a unified analysis frame. Based upon this frame, we can easily calculate the parameters of adhesion for different systems. The outline of this article is organized as follows. In Section 2, we established the formulations of energy functional, and derived the governing equation and transversality condition in consideration of the moving boundary. In Section 3, in use of the constructed frame, we obtained the critical adhesion length of two micro-beams stuck by a thin liquid film, and the deflections of the beams. In Section 4, we calculated the critical radii and collapsed shapes of SWCNTs via the classical elastica solution, which was derived from the energy functional.
Energy functional and transversality condition
We first provide the analysis of the scaling law of a system with different energy originations. The typical length of the slender structure is denoted as L c , then the interfacial or surface energy U S  L c , the elastic strain energy U E 2 c L  , and the potential energy due to gravity U G 3 c L  (Roman and Bico, 2010) . As the dimension of a macroscopic structure www.intechopen.com shrinks to nanometers, the effect of surface energy will become significant and should be taken into account. In this study, we assume that the gravity effect is negligible, for the interplay between the surface energy and elasticity is predominant.
Let us consider a generalized elastic system denoted by a continuous and smooth curve, where part of the curve is adhered by some special interfacial forces. The position of an arbitrary point in the curve is schematized by the arc length s, the total length of the curve is L, and the segment length dealing with the elastic deformation is a. The kernel problem is how to determine the unknown length a in the equilibrium state according to the principle of least potential energy.
The functional of the total potential energy about the system is normally written as:
where the first term in the right side of Eq. (1) is strain energy, 
The second term in the right side of Eq. (1) is named as the work of adhesion between two surfaces, which is normally expressed as (Tang, et al., 2005a)  
where b is the contact width out of the curve, 1  and 2  are the surface energies of the two different phases, and 12
 the interfacial energy. In the conventional definition, the work of adhesion is actually the work per unit area necessary to create two new surfaces from a unit area of an adhered interface, which is a positive constant for any two homogeneous materials binding at an interface at a fixed temperature. For the two phases are of the same material, the work of adhesion degenerates to the cohesive work
At micro and nano scales, the cohesive work is normally termed as the binding energy E B . Furthermore, for the interface consisting of a thin liquid film, the expression of the cohesive work is (Bico, et al., 2004)  In the above derivation, the Young's equation is employed.
We should mention that, the energy functional of Eq. (1) actually includes two variables, namely, the function y and a, because a is yet an unknown when solving the governing equation. This results to an intractable problem, for the undetermined variable a causes the bound movement of the system, which should be considered as a movable boundary condition problem during variation process. Therefore, in use of the principle of least potential energy, one obtains the following variational result
where
For the other portion of variation, in consideration of the moving boundary at s=a, we then focus on the transversality condition in mathematical meaning, and show how to derive its expression. We first revisit the derivative definition about an integration including a parameter  . Let
and then we have its derivative
Similarly, considering the moving boundary at s=a, we can obtain the second part of variation on the functional in Eq. (1), that is
In the above derivations, the partial derivative of the function F is designated as 
The forced or fixed boundary conditions are normally prescribed as
Inserting Eq. (6) and (9) into (5), and according to the arbitrariness of the variation, one can get the governing differential equation, i.e. the Euler-Poisson equation:
Besides the above equation, the arbitrariness of variation about a leads to
In fact, the concept of energy release rate or J integral was also adopted to investigate the problem of moving boundary (Tang et al., 2005a (Tang et al., , 2005b . However, the exact solution of the energy release rate is often impossible to acquire, as a result, one can avoid this way and www.intechopen.com apply the transversality condition to determine the unknown a. This thought paves a new way to solve this kind of problems dealing with movable boundary. In addition, the transversality condition is essential to calculate the contact angle of a droplet, the morphology of a cell, and the peeling of a CNT from the substrate (Oyharcalbal and Frisch, 2005; Bormasshenko and Whyman, 2008; Seifert, 1990 ). We will then put to use this method to analyze some practical topics, and the adhesion of two micro-beams and the collapsed shape of a single wall carbon nanotube (SWCNT) are selected as study cases.
Adhesion of two micro-beams
Let us consider two identical micro-beams with the same Young's modulus E, and moment of inertia on the cross section I, which are stuck together by the interfacial energy W a (or work of adhesion) due to a thin liquid film. The cross section of the beam is a rectangle, with the width b, and thickness e, then I=be 3 /12. Refer to a Cartesian coordinate system (o-xy). As shown in Fig. 1 , the distance between the ends of the two beams is d, the detached segment length is L dry , the adhered part is L wet , and the total length of the beam is L. According to Eqs. (1) and (4), the total potential energy of the two beam system can be easily expressed as (Bico, et al., 2004; Liu and Feng, 2007a) 
In use of Eqs. (11) and (12), one can deduce the governing equation
and the transversality condition at the moving bound 
The fixed boundary conditions of a single beam are specified as www.intechopen.com 
The combination of Eq. (15) and (17) yields
If the total length of the beam L< dry
, the adhesion energy induced by the introduction of a liquid film between the two beams is insufficient to provide the strain energy of deformation, and therefore, the two beams will not adhere. On the contrary, if
, the surface energy is larger than the strain energy, and then the adhesion of the two beams is possible.
Equation (18) 
Collapsed morphology of a SWCNT
We then put to use our analysis frame to examine the collapsed morphology of a SWCNT, which is initially circular with a radius R and an axial length L. The current configuration incorporates a flat contact zone in the middle part and two non-contact regions at the ends, as shown in Fig. 3 . In essence, this configuration is stabilized by the van der Waals interplay between the upper and lower portion of the CNT walls, primarily within the horizontal contact zone, because the van der Waals force decays rapidly in the non-contact areas. As a reasonable simplification, the van der Waals force between the upper and lower portion of the CNT walls in the non-contact domain is ignored in our calculation. Normally, the van der Waals force between two carbon atoms is repulsive at a very close range, so the CNT wall contact is defined by an equilibrium separation d 0 between the flat regions. The distance between the flat contact zone and the extreme point of the CNT is denoted as b. From the experimental picture, we can see that the collapsed shape of CNT is symmetric, which was also verified by the molecular simulations (Tang, et al. 2005b) . Due to the symmetry and smoothness of this configuration, a quarter of the structure is selected and then modeled as a plate or an elastica with two clamped ends, as schematized in Fig. 4 . This famous elastica theory, which can be traced back to the historic contribution of Euler (Love, 1906) , has been successfully used to solve some finite deformation problems of slender structures (Bishopp, 1945; Liu and Feng, 2007a; Glassmaker and Hui, 2004) . In fact, there is another underling assumption that, the deformation along the axis of the nanotube is uniform, which has already been verified by experiments and MD simulations (Ruoff, et al. 1993; Chopra, et al., 1995; Pantano, 2004; Tang, et al., 2005b) . As a result, we select the cross section representing the whole tube, and model the thin wall as a curvilinear abscissa. The total in-plane length of the elastica is thus R  /2, and the adhered segment is a. Refer to a Cartesian coordinate system (o-xy). Besides the Euler coordinate x and y, the arc length s, being a Lagrange coordinate, is also employed as a variable in our analysis. The slope angle of the elastica at an arbitrary point is  , which continuously changes from 0 at its left end to 90  at the right end. The bending stiffness of the elastica is EI, where I is the inertial moment of the cross section, and
, with E being the Young's modulus and  the Poisson's ratio of the material.
According to the elastica model of Fig. 4 , the fixed displacement boundary conditions of the system are specified as
The additional geometric conditions of the elastica are
where the dot above a parameter stands for its derivative with respect to the arc length s. In consideration of the symmetry of this configuration, the total potential energy functional of the system can be written as To deduce the expression of the cohesive work, we choose the van der Waals potential as (Tang, et al., 2005a)  69 ** 32 rr Vr rr
where  =0.064 kcal/mol, * r =0.401 nm, and r is the distance between two atoms. In this case, the cohesive work is the work per unit area to separate the two parallel graphite sheets from d to  , which can be calculated via integration of Eq. (22) 
where  is the number of carbon atoms per unit area, with the value of   0.004 nm -2 . In the experiment (Ruoff, et al. 1993) , the equilibrium distance is measured as d 0 =0.338 nm, and the corresponding cohesive work is calculated as W c =0.388627 J/m 2 according to Eq. (23).
Taking variation of the potential energy functional of Eq. (21), and in use of the principle of least potential energy, one has
In the above derivations, Eqs. (19) and (20) have been adopted.
Considering the moving boundary, the second part of the variation is expressed as
www.intechopen.com
Noticing the arbitrariness of the variation, one obtains the following governing equation
where the Lagrange multipliers 1  and 2  can be easily identified as the horizontal and vertical internal forces in the elastica. The governing equation in Eq. (27) conforms to that derived by Tang et al. (Tang and Glassmaker, 2010) , who adopted the method of force equilibrium.
Combination of Eqs. (24) and (26) leads to the additional boundary condition at the moving point
which is termed as the transversality condition. This additional condition represents the balance of the elastic strain energy and the van der Waals potential energy. It is worthy of being mentioned that the movable boundary condition in Eq. (28) can also be deduced via the concept of J integral in fracture mechanics, as described by Glassmaker and Hui (2004) in their analysis of silicon-germanium nanotube formation.
Multiplying   to both sides of Eq. (27) and by integration, one has 2 12 cos sin
where D is an integration constant. Making use of Eq. (19), one obtains
It is noticed that the symmetry of the configuration verifies the relation of
Inserting Eq. (28) 
The combination of Eqs. (30) and (33) Bico et al. (2004) and Roman (2010) . For a slender structure adhered by a liquid film, the elasto-cohesive
It is seen that in this case, Eqs. (30) and (34) are consistent with the results in the reference (Bico, et al., 2004) .
Note that the arc increment ds is always positive and the increasing of the slope angle is not monotonic, and Eq. (32) is simplified as
For convenience of integration, the variable  should be replaced with another variable  .
These two variables are related by
and   2s i n2 c o s 
For a CNT with an initial radius R=3 nm, the analytical result of Eq. (43) is presented as 0.317854, which is nearly equal to the approximated solution given by Tang et al. (2005b) is
After the flat contact length a has been solved by Eq. (43), the deflection of the rod can be determined by
The above displacements normalized by the elasto-cohesive length read 
where x  =x/L ec , y  =y/L ec , and R  =R/L ec .
Finally, the morphologies of three representative collapsed CNTs with R=2, 3 and 4 nm are plotted in Fig. 5 , where the parameters are the same as those in Fig. 3 . It can be seen that, with increasing radius, the flat contact zone becomes larger, but the right ended shape does not change too much. Therefore, in the current calculation, the bending stiffness EI is selected as 2  10 -19 Nm  , and the corresponding elasto-cohesive length L ec = EI W =0.72 nm.
Conclusions
In this study, we demonstrated that a lot of problems dealing with the moving boundaries can be grouped into a unified frame, such as the adhesion of micro-beams and collapse of SWCNT. We first constructed the energy functional of the general system, then derived the governing equation and the transversality condition. We put this analysis method to solve the critical length and deflections of two micro-beams. Moreover, we derived the governing equation, i.e., the elastica model of the collapsed morphology for the SWCNT. Under the inextensible condition of the rod, the closed-form solutions for the flat contact segment, critical radii, and collapsed configuration were obtained in terms of elliptical integrals. It is clearly shown that our analytical solutions are in good agreement with the results of the references.
This analysis method paves a new way to examine nano-scaled mechanics by means of continuum mechanics. The presented results are also beneficial to design and fabricate new devices, micro-sensors and advanced materials in micro/nano scale, which casts a light on enhancing their mechanical, chemical, optical and electronic properties. Furthermore, this model can be generalized to investigate both a macroscopic sheet wrapped by a liquid film and a CNT self-folded by van der Waals forces, and can be adopted to analyze the crack or contact problems.
